We investigate the motion of neutral test particles in the gravitational field of a mass M with charge Q described by the Reissner-Nordström (RN) spacetime. We focus on the study of circular stable and unstable orbits around configurations describing either black holes or naked singularities. We show that at the classical radius, defined as Q 2 /M , there exist orbits with zero angular momentum due to the presence of repulsive gravity. The analysis of the stability of circular orbits indicates that black holes are characterized by a continuous region of stability. In the case of naked singularities, the region of stability can split into two non-connected regions inside which test particles move along stable circular orbits.
I. INTRODUCTION
In general relativity, the gravitational field of a static, spherically symmetric, charged body with mass M and charge Q is described by the Reissner-Nordström (RN) metric which in standard spherical coordinates can be expressed as
where ∆ = r 2 − 2Mr + Q 2 , and the associated electromagnetic potential and field are
respectively. The horizons are situated at r ± = M ± √ M 2 − Q 2 .
The study of the motion of test particles in this gravitational field is simplified by the fact that any plane through the center of the spherically symmetric gravitational source is a geodesic plane. Indeed, it can easily be seen that if the initial position and the tangent vector of a geodesic lie on a plane that contains the center of the body, then the entire geodesic must lie on this plane. Without loss of generality we may therefore restrict ourselves to the study of equatorial geodesics with θ = π/2.
The tangent vector u a to a curve x α (τ ) is u α = dx α /dτ =ẋ α , where τ is an affine parameter along the curve. The momentum p α = µẋ α of a particle with mass µ can be normalized so that g αβẋ αẋβ = −k, where k = 0, 1, −1 for null, timelike, and spacelike curves, respectively. For the RN metric we obtain
on the equatorial plane. The last equation reduces to a first-order differential equation
where we have used the expressions for the energy, E ≡ −g αβ ξ α t p β = µ ∆ r 2ṫ , and angular momentum, L ≡ g αβ ξ α φ p β = µr 2φ of the test particle which are constants of motion associated with the Killing vector fields ξ t = ∂ t and ξ φ = ∂ φ , respectively. Equation (4) can be rewritten asṙ
The investigation of the motion of test particles in the gravitational field of the RN metric is thus reduced to the study of motion in the effective potential V . In this work, we will focus on the study of circular orbits for whichṙ = 0 and V = E/µ, with the condition ∂V /∂r = 0.
A straightforward calculation shows that this condition leads to
an expression which we substitute in Eq. (5) to obtain (an alternative analysis using an orthonormal frame is presented in Appendix A)
2 r 2 (r 2 − 3Mr + 2Q 2 ) .
Moreover, from the physical viewpoint it is important to find the minimum radius for stable circular orbits which is determined by the inflection points of the effective potential function,
i.e., by the condition ∂ 2 V /∂ 2 r = 0. It is easy to show that for the potential (5), the last condition is equivalent to
In this work, we present a detailed analysis of the circular motion of test particles governed by the above equations. We will see that the behavior of test particles strongly depends on the ratio Q/M and, therefore, we consider separately the case of black holes, extreme black holes and naked singularities.
II. BLACK HOLES
From the expressions for the energy and angular momentum of a timelike particle (k = 1) we see that motion is possible only for r > Q 2 /M = r * and for r 2 − 3Mr + 2Q 2 > 0, i.
e., r < r γ − and r > r γ + , with r γ ± ≡ [3M ± (9M 2 − 8Q 2 )]/2. In fact, from Eqs.(6) and (7) it follows that the motion inside the regions r < r * and r ∈ (r γ − , r γ + ) is possible only along spacelike geodesics. At r = r γ + one finds instead that the velocity of test particles, as defined in AppendixA, is ν g + = 1, i.e., the circle r = r γ + represents a null hypersurface. On the other hand, for a non-vanishing charge in the black hole region one can show that r − < r γ − < r * < r + < r γ + , with r + = r − = r γ − = r * for Q = M and r − = r γ − = r * for Q = 0 .
The location of these radii for different values of the mass-to-charge ratio is depicted in Fig. 1 . In the black hole region we limit ourselves to the study of circular timelike orbits, i.e., orbits with r > r γ + .
The effective potential (5) for a test particle with a fixed value of Q/M is plotted in Fig. 2 , for different values of the angular momentum L/(Mµ). At infinity, the effective potential tends to a constant which is independent of the value of the parameters of the test particle and of the gravitational source. In our case, this constant is normalized by choosing the value of the total energy of the particle as E/µ. Moreover, as the outer horizon is approached from outside, the effective potential reaches its global minimum value which is zero. This behavior is illustrated in Fig. 3 where the effective potential is depicted for a specific value of Q/M and different values of L/(Mµ). The radius of a circular orbit, r CO , is determined by the real positive root of the equation
In general, in the region r > r γ+ circular orbits do not always exist. For instance, for Q = 0 circular orbits exist only for values of |L/(µM)| > √ 12 ≈ 3.45, whereas for Q = M and In this context, it is interesting to explore the stability properties of the circular motion at r = r CO . To find the explicit value of the last stable radius we solve the condition (8) in the black hole region and find
As expected, in the limiting case Q → 0, we obtain the Schwarzschild value r max LSCO = 6M. The value of r LSCO decreases as Q/M increases, until it reaches its minimum value r min LSCO = 4M at Q/M = 1. The general behavior of r LSCO in terms of the ratio Q/M is illustrated in Fig. 4 .
Orbits with r > r LSCO are stable. Circular motion in the region r γ + < r < r LSCO is completely unstable. Since the velocity of a test particle at r = r γ + must equal the velocity of light, one can expect that a particle in the unstable region will reach very rapidly the orbit at r = r LSCO . For a static observer inside the unstable region, the hypersurface r = r γ + might appear as a source of "repulsive gravity". This intuitive result can be corroborated by analyzing the behavior of energy and angular momentum of test particles. Indeed, Figs. 5
shows E/µ and L/(Mµ) as functions of r/M, for different values of the charge-to-mass ratio of the black hole. Both quantities diverge as the limiting radius r = r γ + is approached, indicating that an infinite amount of energy and angular momentum is necessary to reach r = r γ + . As the ratio Q/M increases, the values of the energy and angular momentum at the last stable orbit decrease. For large values of the radius, the energy of circular orbits Numbers close to the points correspond to the energy and the angular momentum (underlined numbers) of the last stable circular orbit.
approaches the limit E = µ, and the angular momentum L/(Mµ) increases monotonically.
A more detailed illustration of this behavior in the case of the energy of the test particle is represented in Fig. 6 which shows E/µ in terms of the ratio Q/M and the radial distance r/M.
The analytical expressions for the energy and angular momentum at the last stable orbit can be obtained by introducing the expression (12) into Eqs. (6) and (7). A numerically analysis of the resulting expressions show the behavior depicted in Fig. (7) .
As a general result we obtain that the values for the radius of the last stable orbit as well as of the corresponding energy and angular momentum diminish due to the presence of the electric charge. Physically, this means that the additional gravitational field generated by the electric charge acts on neutral particles as an additional attractive force which reduces the radius of the last stable orbit.
A. Extreme black hole
In the case of an extreme black hole (Q = M) the outer and inner horizons coincide at r ± = M. The effective potential vanishes at the horizon and tends to 1 as spatial infinity is approached. In this open interval no divergencies are observed. This behavior is illustrated in Fig. 8 where the effective potential
is plotted for different values of the angular momentum L/(Mµ). For Q = M the radius of circular orbits is
The energy and angular momentum of test particles moving along circular orbits are given Consequently, timelike circular orbits are restricted by the condition r > r g+ = 2M. Figure   9 shows the behavior of these quantities in terms of the radial distance. As r → 2M, the energy and angular momentum diverge, indicating that the circular motion at r γ + is possible only along null geodesics. As expected, the local minimum of these graphics determine the radius of the last stable orbit. At r = r LSCO = 4M, the energy is E ≈ 0.918µ and the angular momentum L = 2 √ 2µM. 
III. NAKED SINGULARITY
In the naked singularity case Q > M and the energy and angular momentum of the test particle can be written as
In Fig. 10 a three-dimensional plot shows the energy as a function of both the circular orbits radius and the charge-to-mass ratio of the black hole.
From the expressions for energy and angular momentum we see that it is necessary to consider four different cases: the value r = r * = Q 2 /M, the region inside the interval 1 < Q 2 /M 2 < 9/8, the value Q 2 /M 2 = 9/8, and finally the region defined by Q 2 /M 2 > 9/8.
In Figs. 11-12 the behavior of the effective potential is exemplified for different values of the ratio Q/M.
Notice that for a RN naked singularity (Q/M > 1) the following inequality holds
where r γ ± ≡ [3M ± (9M 2 − 8Q 2 )]/2 are the radii at which the value of the angular momentum and the energy of the test particle diverge. 
. For L * = 0 the global minimum is at r = r * with V min ≈ 0.33.
As L * increases, the value of V min increases, and at L * ≈ 2.7 a second local minimum appears. The first one with V min ≈ 0.81 is at r min ≈ 1.29M and the second one with V min ≈ 0.91 is located at r min ≈ 3.5M .
A. Static test particles
Consider the orbit at r = r * . In the naked singularity case the time-like condition for the velocity ν g is satisfied only for r ≥ r * (see Eq. (A4)). In the limiting case r = r * , a time-like orbit with
is allowed. It is interesting to note that r * = Q 2 /M coincides with the value of the classical radius of an electric charge which is usually obtained by using a completely different approach. This value appears here as the radius at which a particle can remain "static" with respect to an observer at infinity. This is an interesting situation which can be explained intuitively only by assuming the existence of a "repulsive" force. The above expression for the energy of the particle indicates that only in the case of a naked singularity a real value for the energy can be obtained. In fact, in the case of a black hole, the radius r * is situated inside the outer horizon so that r * cannot reached by classical test particles. We conclude that the "repulsive" force can be the dominant gravitational force only in the case of a naked singularity.
B. The interval 1 < Q 2 /M 2 < 9/8
In the first region, for 1 < Q 2 /M 2 < 9/8 (see Fig. 12b ), time-like circular orbits can exist in the regions r * < r < r γ − and r > r γ + . The boundaries r = r γ ± correspond to null geodesics, as can be seen from the expression for the velocity along circular orbits as defined in Appendix A (ν g ± = 1). This implies that there are two regions defined by r < r * and r ∈ [r γ − , r γ + ] where no time-like particles can be found. This behavior is schematically illustrated in Fig. 13 . In the limiting case Q 2 /M 2 → 1, the classical radius coincides with r γ− and therefore the only particle that can remain "static" on the classical radius must be a photon.
For Q 2 /M 2 = 9/8, the exterior and interior photon orbits situated at r γ+ and r γ− coincide.
The effective potential behaves as illustrated in Fig. 14. Local minima can be found in In this case,
different regions, depending on the value of the angular momentum of the test particle.
Time-like circular orbits exists for all r > r * , except at r = r γ± = 3M/2, which corresponds to a photon orbit. The energy and angular momentum of circular orbits are given by
and are plotted in Fig. 15 . As the photon orbits are approached, the particle velocity tends to ν g = 1 and the energy and angular momentum diverge. is always satisfied so that no limiting photon orbits can exist in this case. The energy and the angular momentum are plotted in Figs. 16 and 17. The angular momentum increases as the radius of the orbit r/M increases. In the limit of large values of r, the energy tends to E = µ.
E. The last stable circular orbit
To analyze the stability of circular orbits around a RN naked singularity we solve Eq. (8) under the assumption that Q > M. It turns out that real solutions exist only in the interval 1 < Q/M < √ 5/2. They can be represented as
and
However, it can be shown that in this interval it holds that r c < Q 2 /M = r * , i. e., this solution is located inside the classical radius where no time-like circular geodesics are allowed. (Q/M) 2 > 9/8 the last stable "circular" orbit is located precisely at r = r * = Q 2 /M. This situation is sketched in Fig. 18 where it can be seen that the energy of a particle located at r = r * increases as the charge-to-mass ratio increases. In the interval 1 < Q/M < √ 5/2, the energy and angular momentum of circular orbits situated on r = r + lsco increase as the ratio Q/M increases. On the contrary, in the interval 9/8 < Q/M < √ 5/2, the energy and angular momentum of circular orbits with radius r = r − lsco increase as the ratio Q/M decreases. This is due to the fact that at Q/M = 9/8, the radius r − lsco coincides with the radii r γ+ and r γ− which correspond to photon-like orbits. For Q/M > √ 5/2, the last stable circular orbit is situated at the classical radius r * = Q 2 /M and the entire region r > r * is a region of stability. For 9/8 < Q/M < √ 5/2, there are two regions of stable orbits, namely, r * < r < r − lsco and r > r + lsco , separated by a zone of instability defined by r − lsco < r < r + lsco . For 1 < Q/M < 9/8, two regions of stable orbits appear at r * < r < r γ − and at r > r + lsco ; these regions are separated by the forbidden region, r γ − < r < r γ + , in which no circular time-like orbits exist, and by the instability region located at r γ + < r < r The curves representing the radii of stable circular orbits are also showed in Fig. (19) where the effective potential is plotted for selected values of the Q/M as a function of the angular momentum and the radius. 
IV. BLACK HOLE VERSUS NAKED SINGULARITY
The main results obtained from the study of RN black holes and naked singularities are here summarized and compared in the plots of Fig. 20-22 .
In the three-dimensional plots of Fig. 20 the energy and the angular momentum (7) are shown as functions of the circular orbits radius and the charge-to-mass ratio Q/M, for both black hole and naked singularity cases. Here r γ± ≡ [3M ± (9M 2 − 8Q 2 )]/2 and r ± ≡ M ± M 2 − Q 2 (see text). In the Schwarzschild case, Q = 0, we find r lsco = 6M , r + = 2M and r γ + = 3M . For an extreme black hole, Q = M , we find r lsco = 4M with r + = M and r γ + = 2M . The numbers close to the plotted points denote the energy E/µ and the angular momentum L/(µM ) (underlined numbers) of the last stable circular orbit.
V. CONCLUSIONS
In this work we discussed the motion of neutral test particles along circular orbits in the RN spacetime. We studied separately the case of black holes and naked singularities, emphasizing their differences. Our analysis is based on the study of the behavior of an effective potential that determines the position and stability properties of circular orbits.
We also investigated in detail the behavior of the energy and angular momentum of the test particle in all possible configurations of black holes and naked singularities.
We found that at the classical radius r = r * = Q 2 /M circular orbits exist with "zero" angular momentum. This means that a static observer situated at infinity would interpret this situation as a test particle that remains motionless (r = Q 2 /M =const, φ =const) as time passes. This phenomena can take place only in the case of a naked singularity and is interpreted as a consequence of the "repulsive" force generated by the charge distribution.
Black holes turn out to be characterized by a single zone of stability which extends from a minimum radius r lsco up to infinity. The radius of the last stable circular orbit has its maximum value of r lsco = 6M in the Schwarzschild limiting case, and reaches its minimum value of r lsco = 4M in the case of an extreme black hole. The situation is completely different in the case of naked singularities. If the mass-to-charge ratio satisfies the condition Q/M ≥ √ 5/2, there exist only one stability region which extends from the classical radius r * = Q 2 /M up to infinity. In this case, the classical radius determines also the radius of the last stable orbit that could be, in principle, as large as allowed by the amount of charge Q that can be associated to a given mass M. If the charge-to-mass ratio is within the range 1 < Q/M < √ 5/2, we found two stability regions that are separated either by a region of instability, in the interval 9/8 < Q/M < √ 5/2, or a region of instability and a region forbidden for time-like orbits, in the interval 1 < Q/M < 9/8. This result implies that around a naked singularity with 1 < Q/M < √ 5/2 the region of stability splits into two non-connected regions in which test particles can remain orbiting forever.
